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Abstract. We prove special decay properties of solutions to the initial value problem 
associated to the fc-generalized Korteweg-de Vries equation. These are related with 
persistence properties of the solution flow in weighted Sobolev spaces and with sharp 
unique continuation properties of solutions to this equation. As application of our method 
we also obtain results concerning the decay behavior of perturbations of the traveling 
wave solutions as well as results for solutions corresponding to special data. 



1. Introduction 

In this work we shall study special decay properties of real solutions to the initial value 
problem (IVP) associated to the fc-generalized Korteweg-de Vries (/c-gKdV) equation 

{dtu + d^u + u''d^u = 0, xeR, A; e Z+, 

(1.1) \ 

[u{x,0) = Uo{x). 

These decay properties of the solution u{t) will be measured in appropriate weighted 
L^('t/;(ia;)-spaces. 

First, we shall be concerned with asymmetric (increasing) weights, for which the result 
will be restricted to forward times t > 0. In this regard we find the result in [8] for the 
KdV equation, A; = 1 in (II. ip . in the space L'^{e^^dx), (3 > 0. There it was shown that 
the persistence property holds for L^-solutions in L'^{e^^dx), /3 > 0, for t > (persistence 
property in the function space X means that the solution m(-) describes a continuous 
curve on X, M G C([0,T] : X)). Moreover, formally in this space the operator dt + 
becomes dt + {dx — /3)^ so the solutions of the equation exhibit a parabolic behavior. More 
precisely, the following result for the KdV equation was proven in ^ (Theorem 11.1 and 
Theorem 12.1) 

Theorem A. Let u e C([0, oo) : H'^iM.)) he a soluUon of the IVP (EI]) with k = 1 and 

(1.2) uo e H^{M.) n L^{e^''dx), for some /9 > 0, 
then 

(1.3) e'^^M G C([0,oo) : ^^(M)) n C((0, cx)) : i/°"(M)), 
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with 

(1.4) ||^,(t)||2 = lluolh, \\u{t)-Uo\\^3,2<Kt, t>0, 

(1.5) ||e^"M(t)||2 <e^*||e^^Mo||2, t > 0, 
and 



oo 

1 1 ^^""^ n 1 1 

2) 



(1.6) e-'''\\e^^dMt)\\ldt<^\\e^'uo\\l 

where K = K{f3, ||mo||2)- 

Moreover, the map data- solution uq — ?■ u{t) is continuous from L^(R) fl LP'{e^^dx) to 
C([0,T] : L2(e^^dx)), for any T > 0. 

On a similar regard, in ^ a unique continuation result was established. This gives an 
upper bound for the possible space decay of solutions to the IVP (11.11) : 

Theorem B. There exists Cq > such that for any pair 

Ml, U2 G C([0, 1] : H\M) n L^dxprfx)) 

of solutions of (II. ip . if 

(1.7) Mi(-, 0) - n2(-, 0), Mi(-, 1) - n2(-, 1) G L2(e'=«<''dx), 
then Ui = U2- 

Above we used the notation: x+ = max{x; 0}. Similarly, we will use later on X- = 
max{— x; 0} 

The power 3/2 in the exponent in (II. 7p reflects the asymptotic behavior of the Airy 
function. The solution of the initial value problem (IVP) 



(1.8) 

is given by the group {U{t) : t G M} 



dtv + dlv = 0, 
v{x, 0) = vo{x 



U{t)vo{x) = ^Ai(—=] *voix), 



where 

Ai{x) = c I e'^'^+'^'/^d^, 

J — oo 

is the Airy function which satisfies the estimate 



oo 

3 , 



\Ai{x) \ < c 



_ 3/2 

e 



(l + a;_)i/4- 



KDV EQUATIONS 3 

Observe that Theorem B gives a restriction on the possible decay of a non-trivial solu- 
tion of fll.ip at two different times. More precisely, taking U2 = one has that if Ui{t) is 
a solution of the IVP fll.ip such that 

(1.9) \ui{x,t)\ < 6'^"''+' at t = 0, 1, for oq » 1, then m = 0. 

Our first theorem shows that the above result is close to be optimal. By rescaling, the 

3/2 

persistence property can not hold in the space L^(e"°^+ dx) in an arbitrary large time 
interval. However, it does it with a factor a{t) in front of the exponential term x^'^ which 
measures how this exponential property decreases with time. 

To simplify the exposition, we shall first state our result in the case of the KdV, i.e. 

= 1 in (O) : 

Theorem 1.1. Let Oq be a positive constant. For any given data 

(1.10) Mo e L\R) n L'^ dx), 

the unique solution of the IVP fll.ip provided by Theorem C below satisfies that for any 
T > 

(1.11) sup r e'^w4'"|«(a;,t)|2rfx <C* = C*{ao, Wuoh, l|e'^°<''/2Mo||2, T), 

te[0,T] J~oo 

with 

ao 



;i.l2) a{t) 



27a§t/4)i/2- 



This result extends to the difference of two appropriate solutions of the IVP fll.ip with 
k = l. 

Theorem 1.2. Let be a positive constant. Let u{t), v{t) be solutions of the IVP f ll.ip 

with k = 1 such that 

u G C([0, oo) : H\m) n L^{\x\dx)) n . . . , 
^^■^^^ V e C{[0,oo) : H\R))n... 

If 

f°° .3/2 

(1.14) / e"°^+ \u{x, 0) -v{x,0)\^dx < oo, 

J — oo 

then for any T > 

(1.15) sup [ e^^'^''+'\u{x,t) -v{x,t)\^dx <C*, 
with 

(1.16) C* = C*(ao, ||mo||i,2, ||t;o||i,2, \\\x\'^^Uoh, 11% - ^o||i,2, ||e"«<''/2(Mo - t'o)||2,T), 
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and 

^'■''^ = (l + 27agt/4)V2 - 

The results in Theorem 11.11 and Theorem 11.21 apply to other powers k in the IVP (II. ip : 
Theorem 1.3. Let be a positive constant. For any given data 

with S2 = 1/4: if k = 2, = if k = 3, and Sk > {k — 4) /2k, k > 4, then the unique 
solution of the IVP (11. ip provided by Theorem D below satisfies (II. lip with a{t) as in 
ffLT2|) for anyT>0ifk = 2,3 and for T = T(||moIU,2) > for k > 4. 

Similarly, for Theorem 11.21 
Remarks: 

(a) Following the argument in the proof of Theorem 1.4 in one has that given 
ao > 0, e > 0, there exist uq G S(M), ci, C2 > and AT > such that the corresponding 
solution u{x,t) of the IVP (II. ip with k = 1 satisfies 

ci e-('^o+^)"'^' < u{x, t) < C2 e-('^«-^)"'^', a; » 1, te [0, AT]. 

(b) For different powers k in (II. ip one has that the same statement of Theorem 11.11 is 
valid except for the last part concerning the continuity of the map data-solution uq — u{t) 
which will be continuous from H"'{M)r\L'^{e^''dx) to C([0,T] : L'^{e^''dx)) with Sk and T 
as in the statement of Theorem 11.31 

(c) For other results involving asymmetric weights of a polynomial type we refer to [TT] 
and [5]. 

(d) Consider the 1-D semi-linear Schrodinger equation 
(1.18) dtv = i{dlv + F{v,v)), 

with F : ^ C, F e and T(0) = 9„F(0) = duF{0) = 0. As far as we are aware it is 
unknown whether or not there exist non-trivial solutions v{t) of (I1.18P satisfying 

v{t) E L^{e°-°''^+^ ) t E [0,T], for some T > 0, e > 0. 
Next, we consider weighted spaces with symmetric weight of the form 

L^{{x)'dx) = L\{1 + x^f^dx) 

for which persistent properties should hold regardless of the time direction considered, 
i.e. forward t > or backward t < 0. 

In this setting our second result establishes that for a solution of the IVP (II. ip to satisfy 
the persistent property in L'^{{x)'^dx) it needs to have a similar property in an appropriate 
Sobolev space H'^iM.), i.e. decay in can only hold if u{t) is regular enough in : 
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Theorem 1.4. Let u E C(]R : ^^(IR)) be the global solution of the IVP (HHl) with k = 1 
provided by Theorem C below. If there exist a > and two different times to, ti G M such 
that 

(1.19) \x\"u{x,to), |x|"M(x,ti) G L^(M), 
then 

(1.20) u G C(R : H^'^{R)). 

Theorem 1.5. Let u, v E C(R : H^{R)) be global solutions of the IVP ([HI]) with k = 1 
provided by Theorem C. If there exist a > 1/2 and two different times tg, ti eR such that 

(1.21) \x\'^{u{x,to) -v{x,to)), \x\'^{u{x,ti) -v{x,ti)) E L'^{R), 
then 

(1.22) M-f G C(M : i/2"(M)). 

Combining Theorem 11.11 and Theorem 11.41 and taking an initial data Uq E L^(M) with 
compact support such that 

uo^H'iR), Ws>0, 

one gets: 

Corollary 1.1. There exists a solution 

(1.23) ueC{R: L'^{R))n.... 

of the IVP (11. ip with k = 1 provided by Theorem C such that 

(1.24) ui;0)=uoi-) 
has compact support and 

u{-,t) eC°°{R), Vt^^O, 
u{-,t) ^ L'^{\x\'dx), Ve>0, Vt ^ 0, 

^^■^^^ u{t) E L\e<'>Tndx), Vt > 0, 

u{t) E L2(e"(*)"-'/2c/a;), Vt < 0, 

with 

(1-26) ait) = , , 

^ ' ^' (1 + 27ag|t|/4)i/2 

The results in Theorem 11.41 and Corollary 11.11 extend to the other powers = 2, 3, 4... in 
(II. ip with the appropriate modifications, accordingly to the value of fc, on the regularity 
and on the length of the time interval [0, T] as it was described in the statement of 
Theorem 11.31 

The result in Theorem 11.51 holds for any power k in ( 11. ip and any pair of solutions 

u, VE C{[-T,T] : H\R)) 
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for any T > if A; = 2,3 and for T = T(||mo||i,2, ||'yo||i,2) for k > 4. 

As a second consequence of our results above one has that there exist compact pertur- 
bations of the travelling wave solution with speed c 

(1.27) Uk^c{x, t) = 4>k,c{^ - ct), 
with 

(1.28) <f)k,c{x) = ickCsech\kV~cx/2)Y/'' 

for the equation in (II. ip which destroy its exponential decay character: 
Corollary 1.2. For a given data of the form 

(1.29) uo{x) = (pk,ci^) + Vo{x), 

with vq G iJ^(]R) compactly supported such that vq ^ H^^'^iM.) for any e > 0, then the 
corresponding solution of the IVP provided by Theorem D 

(1.30) u e C{[-T,T] : H\R)) n . . . 
of the IVP (O) satisfies that 

(1.31) u{-,t) ^ LWx\^+'dx), Ve > 0, vt G [-r,r] - {0}. 

Remarks: 

(a) As in Corollary II. H for t > the loss of decay is in the left hand side of R, and for 
t < in the right hand side of R. 

(b) Combining the results in Theorem ll.4l and its extension for all the equations in (II. ip 
commented above, with those found in [T3| one can also conclude that for k = 2, 4, 5, ... 

\x\°u{-,t) e L^{R), yte[-T,T], 

and that for A; = 1 , 3 for any e > 

|x|"-'u(-,t) G L2(R), t e [~T,T] - [to,ti], |x|"M(-,t) G L2(R), te[to,ti]. 

The main difference between the cases A; = 2, 4, 5, ... and = 1, 3 is that for the later the 
best available well-posedness results require the use of the spaces f, defined in (11.321) . 
which makes fractional weights difficult to handle. 

(c) The equivalent of Theorem 11.41 for the semi-linear Schrodinger equation (ll.lSp in 
all dimension n was obtained in jl2| . 

We need to recall some results concerning the well-posedness (local and global) of the 
IVP (II. ip . First, we remember the definition of the space Xs^b introduced in the context 
of dispersive equations in [2]. 

For s,6 G R, Xg^f, denotes the completion of the Schwartz space §(R^) with respect to 
the norm 

/oo /"OO 
/ il + \r-e\ni + \mm,r)\'d^dTy/'. 
-oo J —oo 

The following result was established in see also [TO] : 
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Theorem C. There exists b G (1/2, 1) such that for any uq G L^(]R) there exists a unique 
solution u{t) of the I VP fll.ip with k = 1 satisfying 

(1.33) ueC{[0,T]: L^iR)), for any T > 0, 

(1.34) u G Xo,6, d^{u^) G Xo,fe_i, dtU G X_3,b_i. 

Moreover, the map data-solution from L^(M) into the class defined in (ll.33p - (ll.34p is 
Lipschitz for any T > 0. 

We recall that if 6 > 1/2 one has, using Strichartz estimates and Kato local smoothing 
effects, that 



(1.35) 




and 

(1.36) \\dJ\\L^iU:LnO,T]) = SUp( / \dj{x,t)\^dty/' < c\\f\\x,,. 

xm Jo 

Therefore, combining these estimates and Theorem C one has that the map data- 
solution is continuous from L'^(R) to L^([0,T] : L°°(M)), for any T > 0. 

Gathering the local and the global well-posedness results in [9], [3], [H], [7] and [6] one 
has: 

Theorem D. (a) The IVP ((III]) with k = 2 is globally well-posed in if'(R) for s > 1/4 
(see W- 

(b) The IVP (ll.ip with k = 3 is locally well-posed in iJ*(R) for s > —1/6, and globally 
well-posed m H'{R) for s > -1/42 (see [6], [11], ^). 

(c) The IVP ([EI]) with k > A is locally well-posed in H'iR) for s > {k - 4) /2k (see 

M)- 

The rest of this paper is organized as follows: In Section 2 Theorem 11.11 will be proved. 
Since the proofs of Theorems 11.21 and 11.31 are similar to the proof of Theorem 11.11 we will 
omit them. The proof of Theorem 11.41 will be given in Section 3. The proof of Theorem 
11.51 will be omitted since its proof follows analogous arguments as the ones of Theorem 
II. 4[ Corollaries 11.11 and 11.21 are direct consequence of the previous results. 



2. Proof of Theorem 11.11 

Consider the IVP 

. dtU + d^u + ud:,u = 0, t > 0, X e 
^ ' ' ^ u{x,0) = u'o{x). 
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where 

(2.2) ti^(x) = * Mo(- + e)(x) = / -p{-)uo{x + e-y)dy, 

where p G C°°(]R) with supp p C {x G M : |a;| < 1}, p > and J p{x)dx = 1. We claim 
that for any e G (0, 1) 

3 /2 

(2.3) G H'^iR) n L2(e'^°^+ dx). 
To see fl2.3p we use Minkowski's integral inequality to write: 

3/2 /„ /" 3/2 /" 1 y 



e 



/'«oll2 = ( / e"^"^-^ I / -p(^)no(x + 6-y)d2/|2c/x)^/2 



e e 




'^«4''/Ve(l/)%(a: + 6-y)rfyprfx)i/2 



(2.4) < / p,(y)( / e'^°<'Vo(x + e - y)\'dxY/'dy 



< I pM{ I e''"^'~^+y^T\u,{x)\'dxy/'dy 



< I Peiy)i I e'^-^T\uoix)\'dxy/'dy = ( / e'^°4'VoWrrfx)V2, 



since for y G supp{p^) one has that —e + y<0. 
Also we recall that 

(2.5) lim||n^-Uo||2 = 0. 

Therefore, for any e G (0, 1) the corresponding solution m^(-) of the IVP 02. ip has the 
properties stated in Theorems A and C. 

Next, for any G Z"*", A^ >> 1 we define the weight 

e'^W/^ X < 0, 

^ait)e{x)^ 0<x<l, 

e^'W^''", l<x<N, 
[P2ix,t), X>N, 



(2.6) ^N{x,t) 



where 

(2.7) a'(t) + ^a=^(t) = 0, a(0) = ao, 

o 

i.e. 

(^■«) '■'"- (l + 27°W4)V' "'°-''°'- 
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(2.9) 0ix) = ^ + y - y + l^', 

and 

Remarks : 

(i) For any N e Z+, a; > and t>0 one has 

(2.11) ¥^A^(a;,^)<C(ao)e«W^''^ 

(ii) the function 9(-) matches the vahics of x'^/^ at ,t = 1 and those ones of the constant 
function f{x) = 1/4 aX x = and their derivatives up to order two and P2{x,t) matches 
those ones of e"*^*-'^ at a; = up to order two. Hence, ipN{-,t) G C^(M) and ipN{-,t) G 
C^{R - {0, 1, N}) for all t > 0, 

(iii) one has that 

e"(x) = ^(15 - 24a; + 10a;=^) = ^((VWx - 4=)' + -) > 0, 

with ^'(0) = 0, hence ^'(a;) > 0, a; G (0, 1]. 

(iv) Pi{x,t) > and 

a.P2(x,i) = ^a(i)iVV2e«W^^/^ 

+ {{-a{t)N'/y + ^a(t)iV-V2)e«(*)^^/'(x - TV) > 0, 

for a; > and t > 0. 
Therefore, 

(2.12) (pN{x,t), d^ipN{,x,t) > 0, {x,t) G M X [0,00). 
Moreover, for a; > A?" 

d^P,{x,t) < laN'/'P,ix,t) + ^aArV2eaiv3/^(^ _ N)i^aN'/' + ^) 

(2.13) ^ ^«ArV2p,(^, ^) ^ (3^^,/, ^ 

< {l + 3a{t)N^/'')P2ix,t) 

< {l + 3aoX^/^)^N{x,t). 
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Next, we multiply the equation in (12 .ip by u'^y:>N{x,t) where -u*^ denotes the solution of 
the IVP (12. ip . integrating the result and formally using integration by parts one has 



(2.14) 



d 
di 



{u^fidlifN + dt(fN)dx + ^ / {u^'fdr,(fNdx. 



x\ 



To justify the integration by parts used to obtain (12.140 we observe that by Theorems 
A and Theorem C 

(2.15) u' e C([0, oo) : H°°{R)), e'^^'u' G C([0, oo) : L^{M.)) V/3 > 0. 

In general, if for some 13 > e^^^f, d^f e L^(R), then e^'^^'^d^f G -^^^(K), and so 
g/3x/2j ^ /7i(]]j) (in particular, e^^^'^f{x) — )■ as |x| — )■ oo) since 

(2.16) J e^^djfdx J e^^fdx + \ J e^^fd^fd: 

To prove (12.160 one first assumes that / G H'^(M.) with compact support to obtain (I2.16P 
by integration by parts, and then use the density of this class to get the desired result. 
Thus, reapplying the last argument and using (I2.15P it follows that for 

e^^'diu' G L2(M), j = 1,2,3, 

and so for any t > 

(2.17) e^''diu'{x,t) ^0 j = 0,l,2, as |x| ^ oo, 

which justify all integration by parts used to get (I2.14p since at +oo, ^n{x, t) as a function 
of X IS cL polynomial of order two. 
Since 

dxipN{x,t) > 0, 

one can omit the second term on the left hand side (l.h.s.) of (12.140 to write 

(2.18) ^ J {u'f^Ndx < j {u')\dlvN + dtVN)dx J {u'fd^ifNdx. 

We shall consider the right hand side (r.h.s) of (I2.18P in four different domains: 

(2.19) (a) X < 0, (b) < X < 1, (c) 1 < x < A^, (d) x > N. 
In the domain (a) (x < 0) one has 

c}^V97v(a;, t) = j = 1,2,3, and dt^N{x,t)<0, 

therefore the contribution of this domain to the r.h.s. of (12.180 is non-positive so it does 
not have to be considered. 
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In the domain (b) (0 < x < 1) one has 

<^^(x,t)<^^(l,t) = e"(*)<e'^o, 

dt(pN{x,t) = a(t)ipN{x,t) < 0, 

d^ipN{x,t) = a(t)9'{x)ipN{x,t) < caoip,y{x,t), 

dl(pM{x,t) = {a{t)6" (x) + {a{t)6'{x)y)(fN{x,t) < c{aQ + al)(fN{x,t), 
dl^N{x,t) = {a{t)6^'^\x) + 3{a{t)Y9"{x)9\x) + {a{t)9' {x)Y'^^)^N{x,t) 
< c(ao + + aQ)ipN{x,t). 

Therefore 

(2.20) [ {u'fidl^N + dt^N)dx < K{ao) [ {u'f^Ndx, 

Jo Jo 

and 
(2.21) 



/ {u'fd^(fNdx<K{ao)\\u'{t)\\Loc(o<x<i) {u^fifNdx. 
Jo Jo 



In the domain (c) (1 < x < A^) one has 

(2.22) dl^^ + dt^^ = (^aV/2 + - lax-'l' + a'x'")^^{x, t). 

o o o 

For the third term on the r.h.s. of fl2.22p we observe that 

(2.23) - -a(t)x-3/2ga(i).3/2 ^ 

8 

so it can be omitted. Next, we use that 

27 

(2.24) a'{t) + —a^{t) = 0, 

8 

which combined with (12.231) and (12.241) gives us the estimate 

(2.25) / iu')\dlipN + dtipN)dx<—a^it) {u'f^Ndx<—al {u'f^Ndx. 



N 3 '■^ 



For the other term on the r.h.s. of (I2.18P in this domain one sees that 
(2.26) 



u'')^dx'^Ndx = 2 ' 0'it)x^^'^{u''Yipjqdx 



3 '■^ 



< -ao||a;^/^n'(t)||ioo(i<^<;v) j {u'-fipNdx. 

Finally, we consider the domain (d) (x > A^). Since in this domain 
5^P2(x,t) = 0, dtP2{x,t) = a'{t){-} < 0, 
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one has 

r>00 



[uy{di^M + dt^M)dx<Q, 



N 



so the contribution of this term on the r.h.s. of f l2.18p does not need to be considered. To 
bound the contribution of the other term on the r.h.s. of f l2.18p using f l2.13p we write 



oo 
N 

oo 



/■oo 

(2.27) = / {u^f{l + ?,aQX^'^)P2{x,t)dx 

/■oo 

< K{aQ)\\x^/'^u'{t)\\L^(^^>N) / {u'f!fN{x,t)dx. 



It remains to estimate the terms in the L°°-norm in ( I2.2ip . fl2.26p and fl2.27p . We 
estimate the terms f l2.26p and fl2.27p . the estimation in fl2.2ip being similar. For f l2.26p 
and fl2.27p . using (11. 5p in Theorem A and an estimate similar to that in (12. 4p . we have 



'/V(t)|Uoo(,.>i) < ||e^V(t)|U < l|e"«^(t)||f ||9.(e^M^(t))||f 
< ||e"?i^(t)||J/'(||e"M^(t)||'/' + ||e"9,u^^^^ii'/'^ 



\x 



12 

(2.28) <2\\e^uHt)h + \\e^d,u,L,n2 



<2e*^||eXll2 + ||e"9,M ^.;||2 
<2e^-^||e^Mo||2 + ||e"9,.M^(t)||2. 

From (ll.6p in Theorem A and an argument similar to that in (12.40 we obtain the bound 
for the integral in time interval [0,T] of the last term in (12.280 



(2.29) 



\e^d,u'it)hdt < T^'\ f We'd^u^mldt) 

Jo 



1/2 



with M = M(||mo||2). 

Inserting the above estimates in (12.180 . using Gronwall's inequality, and applying (12. lip 
with t = 0, one gets that 

/"°° o 3/2,^ 

(2.30) sup / \u'{x,t)\^ifN{x,t)dx<C* = C*{ao,\\uQ\\2,\\e''°''+ ^^Uo\\2,T). 

tg[0,T] J~oo 

We observe that for each G Z+ fixed there exists cat such that 

(2.31) ¥^iv(a;,t) < C7ve°°'', x > 0, 
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and by the continuity of the map data-solution, in Theorem A it follows that 



oo 



(2.32) sup / e''°''\u'{x,t)-u{x,t)\'dx^O as e ; 0. 

te[0,T] J-oo 

Combining ( ]2.3ip and (12.32^ one concludes that 

/oo 
(pNix,t)\u''{x,t) — u{x,t)\'^dx ^ as e | 0. 

Hence, for any t G [0, T] 

POO 

(pN{x,t)\u''{x^t)\'^dx / ip]\!{x,t)\u{x,t)\'^dx as e J, 0, 



and consequently, for any t G [0,T] 

/oo 3/2 
(^7v(x,t)|u(x,t)|2dx < C* = C*(ao, hob, 116"""+ /'uo||2,T). 

Finally, letting oo in f l2.34p Fatou's lemma yields the desired result 

/•oo 3,2 

(2.35) / e"W"+ |M(x,t)|2c/x<C* = C*(ao, hoih, ||e"°"+ /'Mo||2,r). 



00 



3. Proof of Theorem 11.41 

Without loss of generality we assume to = and ti > 0. 
First we shall consider the case a G (0, 1/2]. 
For X > 0, G Z+ and a > we define 



(3.1) (pN,ai^) 



j {1 + x^)"/^ - 1, xG[0,Ar], 
[ {2Nf'^, X > ION, 

with (pN^a e C'^((0, oo)), (pN,aix) > 0, (p'j^^^ > and for a G (0, 1/2] 
(3.2) |v^iva(^)l ^ j = 1,2,3, c independent of A^. 

Let (f)N,a be the odd extension of ipN,a, i-e. 

r (y9ArQ,(a;), a; > 0, 

(^•2) '^^-^^)='^^^^)=i - ^^;„(-x), x<o. 

Notice that 

(3.4) <I>'n{x)>0, Va;GM, 0^ G ^^(M), ||0jv||oo = (2Ar)2". 
Next, we consider a sequence of data (Mo,m)m6Z+ C S(M) such that 

(3.5) 11^0 — Mo^m||2 — > as m t oo. 



14 PEDRO ISAZA, FELIPE LINARES, AND GUSTAVO PONCE 

and denote by Um the solution of the IVP (11.11) with k = 1 and data Um{x, 0) = uo,m{x). 
From the results in [S] one has that 

(3.6) Um e CiR : S(M)). 

By the continuous dependence of the solution upon the data (see Theorem C and com- 
ments after its statement) one has that for each T > 

(a) sup \\u(t) — u„i(t)\\2 ^ as m 'I' oo, 
te[o,T] 

(3.7) (b) / \\u{t) - Um{t)\\l^dt ^ as m t cx), 



sup / \dx{u — Ujn)ix,t)\'^dt ^ as m j" c>o. 

xeR J-T 



Since G C(M : S(]R)) satisfies the equation in (II. ip with A; = 1, multiplying it by 
Um(t>N after integration by parts (justified since is bounded) one gets 

(3.8) ^ J {Umf(t)Ndx + 3 y" idxUmf(j)'^dx = J {Uraf(t)^^dx + j {Umf(t)^dx. 

We observe that for m large enough 

{Umf(t)'^dx\ < c||Mo,m||2 < 2c||Mo||2, 



(3.9) 



(Um) (l)Ndx\ < c||u^(t)||oo||%,m||2 < 2c|| (t) || oo || % | 



2- 



Integrating in the time interval [0, ti] the identity (13. 8p and using (13. 9 p it follows that 



(3.10) 



(d^Um) {X,t)(f)^{x)dxdt < \\{Umiti)) 0Ar||l + ||(M0,m) 0Ar||l 

+ Cii||tio||2 + ctf^ \\uo\\l ( / \Wm{t)\\l^dt) 



5 







where c denotes a constant whose value may change from line to line and is independent 
of the initial parameters of the problem. Letting m oo, using (13. 7p part (c), Theorem 
C, and (11.350 . one gets that 



(3.11) 



ti 



lim / / (d^Um) {x,t)(f)^{x)dxdt < ||(n(ti)) 0Ar||i + ||(mo) 0Ar||i 

m^oo 



+ch\\uo\\i + ctT wuoWl ( r wumidtf" < M, 
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with M = M(|| (x)'^Mo||2, II Ih)- Next, we use (13 .Zp part (c) to conclude that for 
any iV G Z+ fixed 

(3.12) d^Um^d^u in L\[-T,T] x [-N , N]) as m t oo. 
Since 0^ has compact support one gets that 

(3.13) / [{d^u)'^{x,t)(f)'j^{x)dxdt < M. 



Finally, we recall that 0^(a;) is even, 0^(a;) > 0, and for x > 1 

^ (l + 3,4)l-a/2 ~ (^) ' 

therefore using Fatou's lemma in (I3.13P one concludes that 
(3.14) f f {d^uf{x,t){xf"-Uxdt<M. 

Jo J\x\>l 

Since (see Theorem C and ( 11.361) ) 

{d^uy{x,t) dxdt < M, 

"'|ai<l 

one concludes that 

-ti 







(3.15) / / (d^uYix, t) {xy^-' dxdt < M. 



Once we have obtained (13.151) we reapply the above argument with ipN,a{x) = ipN^x) 
the even extension of '^N,a instead of 0Ar(x), i.e. 

C ifN a{x), a; > 0, 

= = 1 ^^.,.(-x), X < 0. 

We observe that 

(3.17) W^{x)\ < c{x)^--\ 

Using the formula (13. 8p with instead of 0Ar(x), and estimates similar to that in 

(ra it follows that 

lim / / {dxUmf il)'j^{x)dxdt = / {dxuyip'j^{x)dxdt, 







mi~oo 

and 



{d^uYip'j^{x)dxdt\ < J J {d^uYixy-^dxdt < M. 

From these estimates and integrating in the time interval [0, t] C [0, ti] one obtains that 
(3.18) (x)"M(t) G L2(M) tG[0,ti]. 
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Combining f l3.15p and f l3.18p one sees that there exists t* G [0, ti] such that 

{xyu{t*), 9^M(r)(x)"-^/2 e L\R). 

Hence, 

(3.19) J{{x)''-^/\{-,t*)) = (1 - diy/\{x)''~^/\{t*)) e L^{R). 
Next we shall use the following lemma (see [Ij and [12]) : 

Lemma 3.1. Let a,b>0. Assume that J^^f = (1 - d^^/^f G ^^(R) anc? 
= (1 + kn^/^ e L2(R). r/ien /or any 9 E (0, 1) 

(3.20) ll^'"((^)^'-'^V)ll2 < c\\{x)'f\\l-' wrfwl 

Defining 

/ = {xr-'^Mn 

it follows that 

Jf, {xy/'f e L\R) 
and one gets from ( ]3.20p with 6 = 2a that 

(3.21) j2°((x)^/2-"/) = J'"m(-, t*) G L\R). 

Once (13.211) has been established the rest of the proof of Theorem 1 1 . 41 follows the argument 
described in [T3] . 

Next, we consider the case a G (1/2, 1]. 

From the previous case we already know that 

u G C([0, ti] : H\R) n L\{x)dx)). 
We also observe that for a G (1/2, 1] 

As before we get 

(3.22) ^ y {Umf(l)N,adx + 3 J {dxUmf(t)N,ad^ = J {UmY (p^^^dx + ^ j {^mf (j) ^ ^^dx , 

with Mm G C(M : S(R)) which justifies the integration by parts in f l3.22p . 
In (13.221) we first use that 

(3.23) I j {umf(j)^^]^dx\ < c||Mo,m||2 < 2c||no||2. 

Next, we estimate the cubic term in f l3.22p (last term there). For this we observe that 

(3.24) \(l>'N,aix)\<c\(j)N,a-l/2{x)\\ 

with c independent of A^. Thus, 

(3.25) I / {Umf(j)',^^^{x)dx\ < c\\u^{t)\\^\\Um{t)(j)N,a-l/2\\l- 
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Combining the facts that for each fixed the (f)N,aS are bounded and that 



one has 



sup II (lim — 'u)(t) II2 — as m 'I' 00, 

[0,ti] 



sup ||(u„ - n)(t)</)Ar,„_i/2||2 ^ as mtcx), 

[0,ti] 



and consequently, 

(3.26) sup \\Um{t)(l)N,a-l/2\\2 < 2 SUp || M(t)07v,a-l/2 1| 2 < 2 SUp ||(x) ^/^n(t) || 2 < M, 

[0,ti] [0,ti] [0,ti] 

with M = M(||(a;)i/2^o||2, || (x)i/2^(ti) II2) for m » 1. 

Inserting the above estimates in fl3.22p and following the argument in the previous case 
a G (0, 1/2] one gets that 

2/ 



(3.27) J J (d^u^Yix, t)(f)j^ix)dxdt < (1 + ti)M, 
for m » 1 and 

(3.28) ^ j {d^u)\x, t) {xY'^-^dxdt < (1 + ti)M, 

where M = M{\\{xy/^uo\\2, \\{xy/^u{h)\\2). 

Next, we deduce fl3.22p with ipN,a instead of ipN,a and use (13.271) and f l3.28p as in the 
previous case to get that 

(3.29) {x)"u{t) e L^{R) t e [0,ti]. 

Once that the estimates fl3.28p and fl3.29p have been established the argument in the 
previous case involving Lemma [3. II provides the desired result. 

A similar boot-strap argument can be used in the case a G (1,3/2] and respectively for 
higher a. 
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